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Naturally flows have been the scope of the scientific research for centuries, 
Rayleigh-Benard convection being one of the leading. Many researchers have 
considered the flow patterns, boundary conditions, various cavities, nanofluids, 
theoretically, numerically, and experimentally. The flow was investigated in 
atmosphere and in nanofluids, in air, water, molten metals, non-Newtonian 
fluids. Almost all research focuses on 2-D or 3-D analysis of flow in laterally 
unlimited enclosures, as parallel plates or coaxial cylinders. In technical 
practice, only limited enclosures exist. This paper presents numerical and real 
experimental results for the test chamber with ratio 4×2×1 in x-, y-, and z-
direction, respectfully. The measurements were taken at fifteen different positions 
on the faces of the tank. Probes used are PT100 elements. As the chamber is 
limited in all directions, the results have shown strong influence of the lateral 
walls. The results are compared with the those obtained by IR camera. Various 
fluids were tested, and results for motor oil will be presented. 
Key words: Rayleigh-Benard convection, temperature profile, PT100 probe, 

motor oil, numerical simulation 

Introduction 

One of the simplest cases of fluid-flow is a laminar flow. Laminar flow exists until 
the flow parameters (i.e. the Reynolds number) do not reach a critical value. In supercritical 
parameters the laminar flow becomes unstable. Even the small disturbances can cause large 
changes so that it can not be maintained as originated, so becomes turbulent. Turbulent flow is 
extremely unstable, and its mathematical modelling most often extremely complex. The 
criterion determining the fluid-flow change (or retains the existing state) is called the stability 
criterion. This criterion is very important in fluid mechanics. In fluids that are exposed to 
disturbance, even the smallest instabilities can cause the transition from laminar to turbulent 
state. The theory of linear stability in fluid mechanics gives the criteria for obtaining the 
critical Reynolds number at which the fluid-flow becomes instable. 

–––––––––––––– 
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Natural convection in enclosed spaces has been studied extensively. It has a very 
wide range, from the smallest scales (in pipelines, channels, and tanks) to the largest ones 
(atmosphere, the molten planet core). The governing processes depend on the thermodynamic 
state and geometry of the respective surfaces, which defines the type of flow that can occur. A 
special group of these flows happens in the fluid between parallel plates with different 
temperatures. Most often the temperature of the lower plate is higher than of the upper plate – 
well known Rayleigh-Benard convection. Experimentally, the flow was explained by Henri 
Claude Benard. Lord Rayleigh pioneered the theoretical background, using the temperature 
gradient. As such, the domain top and bottom boundary conditions imply the disappearance of 
the vertical velocity component, which is not predicted by the Benard experiment. Authors in 
[1-3] proposed the model based on surface tension, which agrees with the experiment, i.e. the 
physical reality. Presented examples assumes that the plates that confines the fluid are 
unlimited. In engineering this is not the case, so the side walls influence on the flow, without 
idealization and in the real 3-D domain are important. 

Although the mathematical model is complex, with some generalization, the effect of 
the instability on the turbulent flow structure can be predicted. Basic example of the Rayleigh-
Benard convection is for a thin layer of fluid heated from below, limited by two parallel plates. 
The buoyancy forces caused by the temperature differences in the fluid layers are forming the 
flow. Depending on the flow parameters, different structures (named cells in 2-D and rolls in 3-
D) are formed in the fields of temperature, velocity and vorticity. The Rayleigh-Benard problem 
in its simplest form and the basic treatment, is the special case of the infinite layer, when the 
fluid is limited by two infinite horizontal plates. The surfaces are not very (relatively) distant, as 
forming of structures caused by viscous effects can be expected in the vertical direction. The 
heating of a lower plate has a negative temperature gradient (the density is lower at the bottom 
than on the top). Flow with the denser fluid at the top is potentially unstable. Natural fluid 
tendency to move influenced by the buoyancy forces will be disrupted due to the viscosity and 
heat dissipation, if the temperature gradient is below a critical value. Thermal instability occurs 
when the negative temperature is over the critical value. 

Cell formation is usual for the systems which are far from the equilibrium state. The 
imbalance can be caused by different physical mechanisms – the fluid temperature, electrical 
potential difference or chemical reactions. Each driving force has a dissipation mechanism 
(i.e. viscosity) which opposes the system unbalancing. The cell formation is the result of the 
driving force and the dissipation mechanism balance. Cells can have different shapes 
(circular, square, hexagonal, spiral, stripes...). 

From the application viewpoint, the thermal driving forces are of paramount 
importance. Examples are thermal convection in the atmosphere [4], in the oceans [5], including 
thermohaline convection [6], thermal convection in buildings [7, 8], in chemical industry, 
metallurgy [9], and the like. In geophysics and astrophysics, we can mention the convection in 
the Earth mantle [10], Earth outer core of [11], the stars, including the Sun [12]. Convection is 
also associated with the formation and disappearance of the geomagnetic field [13]. 

Mathematical modelling of the cell formation is carried out by means of the 
reduced equations. These equations are derived based on symmetry, which brings a complex 
mathematical model down to a form that is characteristic for the most physical systems. 
Examples of basic symmetry: discrete translational 1-D symmetry (for systems that form 
cells in the form of stripes) and discrete translational 2-D symmetry (for systems that form 
square cells). As examples of the reduced equations we can take the Ginzburg-Landau 
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equations, which describe systems with translational invariant, with the pattern in the form 
of stripes [14-16]. 

These equations are called reduced since they reduce the degree of the system 
independence by removing fast variables and by modelling slow ones. As fast variables 
conditionally follow the change of slow variables, the slow variables are all that is needed to 
model the entire system. An example is the formation of cells in the form of stripes. Fast 
variables describe the cell in the form of stripes for a wave number, k, while the slow variables 
describe the amplitude and phase modulation, which causes the formation of such cells. 

Applying the reduced equations gives significant results in predicting the linear 
stability of uniform periodic fluid states with varied control parameter. The reduced equation 
theory has also shown good results in the description of coherent structures, such as 
dislocations and domain walls. Rayleigh-Benard convection played a key role in the 
hydrodynamics stability theory development [17, 18], but is also paradigmatic in model 
forming and the study of time and space chaos [19, 20].  

That is why the researchers have been studying the Rayleigh-Benard system for 
almost a century – it is important for many applications, ranging from astrophysics (for 
example, when the value of a star model depends, to a large extent, on external regions of 
stellar atmospheres), geophysics (current theories of continental drift depend on the possible 
convection movements in the earth's mantle, caused by heat, generated internally by the 
radioactive decay), and the science of the atmosphere (theory and forecasting of current 
weather conditions, as well as long-term effects such as ice age, depend on the value of the 
convection energy transport theory in the Earth atmosphere). This system application to 
various technical systems, such as solar energy systems, materials processing, energy storage 
and nuclear systems, are numerous. 

The standard mathematical model of the Rayleigh-Benard system consists of a 
series of non-linear combined PDE that ca not be solved by the classical mathematical 
apparatus. This model can give valuable data in the non-linear systems research. Rayleigh-
Benard system is one of the most carefully studied case of self-organizing non-linear systems, 
which are vital for the research in the field of Synergetics. Model forming very similar to 
spatial-temporal models can be seen in the creation of crystals, solidifying propagation fronts, 
electrodynamic instability and liquid crystals, chemical reaction-diffusion process, auto-
catalytic reactions, deformation of thin plates and shells, morphogenesis of plants and 
animals, etc. 

Experimental studies have considered different shapes of chambers – parallelepiped, 
cylindrical, spherical, trapezoidal, U-shape [21-38], various fluids (Newtonian and non-
Newtonian), with nanoparticles [26, 27, 38-41], etc. Along the experimental, many numerical 
studies have been performed. All kinds of methods were used, such as direct numerical 
simulation [16, 24, 25, 42, 43], simulations of large eddies or averaged Navier-Stokes 
equations [44, 45], with boundary layer treatment [46-56]. The Rayleigh-Benard convection, 
as reported in [57], can be considered as the forefather of the canonical examples that were 
used for the study of model forming and behavior in extended systems in space. It provides 
opportunity to study the spontaneous spatial ordering and simultaneously raises the question 
of the flow special shape and size feasibility, or the desirable shape, and proportion selection. 

This paper is concerned with the lateral walls influence [58], while most studies 
are concerned with infinite or semi-infinite domains where the chamber test measurements 
with air were presented. As the velocity is in the range 1-10 mm/s, the temperatures were 
measured, while the velocities were simulated. The chamber was made in order to minimize 
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the disturbances of the flow, and the upper and lower plates to be of practically uniform 
temperature. 

Mathematical modelling 

Thermal-flow processes are described by the system of conservation equations of 
matter, momentum, and energy. In addition, the system of equations, primarily for fluids with 
no constant density, also consists of relations, as for the fluid state. In some simple cases, such 
as the Stokes flow, the equation can be simplified to the level of linear equations. However, in 
all real situations those equations are difficult or impossible to solve, so we resort to 
simplification or modelling. 

Transport equations 

The partial differential equation describing the mass, momentum and energy transfer 
phenomena expresses the principle of conservation for a given transport quantity. The 
equations of conservation are [58]: 
– Mass conservation equation: 
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– Momentum conservation equations – Navier-Stokes equations: 
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– Energy conservation equation: 
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where ρ is the density, ui – the velocity components, p – the pressure, fi – the momentum 
equations source terms (volume, Coriolis, buoyancy forces, etc.), h – the enthalpy, Sh – the 
production/destruction of energy, and jih – the diffusive energy transport fluxes. In Newtonian 
fluids the tensor, τij, has the following form: 
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where μ is the dynamic viscosity of the fluid, δij – the Kronecker delta operator (δij = 1 for 
i = j and δij = 0 for i ≠ j). 

In eq. (3) diffusive flux of energy transport, jih, includes energy transport by 
conduction and viscous dissipation. This can be expressed: 
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where 
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and ΓT = λ is the thermal conductivity, the diffusion coefficient for enthalpy (h = cpT). 
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For incompressible fluids, the change of density can be presented in the linear form 
as a function of temperature, with β as a compressibility factor of dimension K–1: 
 0 0[1 ( )]T Tρ ρ β= − −  (7) 

If p = p0 + p’, ρ = ρ0 + ρ’ and the body forces fi are replaced by ρgi, eq. (2) becomes: 
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and noting that in the hydrostatics ∂p0/∂xi = ρ0gi, and, finally, dividing with ρ0: 
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For small values of density fluctuation, ρ’ can be neglected. If p = p0 + p', then  
dp = dp', and considering the density dependence on temperature, we obtain: 
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By introducing the dimensionless quantities for velocity U, time τ, pressure and 
temperature, p  and ,  and length T x we obtain: 
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where Pr = n/a represents the Prandtl number. The Rayleigh number Ra, (analogous to the 
Reynolds number) is the buoyancy and the viscous forces ratio: 
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Experimental set-up 

Experiment presented in this paper is performed with motor oil. The turbulent 
regime transition occurs for Ra~106 in oil. In the investigation presented, Rayleigh number 
range was 2.58 × 107 < Ra < 5.59 × 107. The turbulent regime can be assumed for all 
experiments. The tank used is shown in fig. 1, sized 500 mm × 250 mm × 125 mm, in x-, y-, 
and z-axis, respectively. Distance between the hated and the cooled plate is the z-direction 
dimension [58]. 

Experimental data 

In order to achieve as precise results as possible, experiment lasted some five days, 
at different ambient temperatures. Long term and the representative stable hourly 
measurements are presented in fig. 2. The curve TS01 represents the temperature of the 
heated plate. As presented, daily temperature change is about 2 °C to 4 °C. Maximum hourly 
change is 0.2 °C, which is approximately the probe precision. The daily variation of the 
ambient temperature is between 4 °C and 7 °C (max 0.2 °C per hour, curve TS16). Control 
measurements were performed with IR camera [58]. 
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Figure 1. Measuring points on the tank lateral sides disposition (vertical projection) 

 
Figure 2. Long term (a) and selected stable hourly measurements (b) 
(for color image see journal web site) 

Parallel measurements with IR camera were performed. The measurement lasted for 
4 minutes. The probe temperature change due to insulation removing (up to 0.4 °C) can be 
neglected, due to the somewhat larger probe inertia. One can assume that the temperature 
change is due to increased convection, caused by increased air velocity in the room, from door 
opening, people entering or exiting the test room during measurements, insulation removing 
and reapplying, etc. 
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Numerical procedure 

Transport equations of dependent variables can be presented in the generalized form: 
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where ΦΓ  is the diffusion coefficient and Φ  S – the source term. Expression forms for ΦΓ  
and Φ  S depend on the variable .Φ  For most models, incompressibility assumption is taken, 
so the equations of continuity, momentum, energy, k and ε, can be represented by mentioned 
general transport equation. 

Numerical experiment was performed using the software package PHOENICS 2011. 

Numerical model  

Turbulence model equations 
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where neff = n + nT, nT = Cμk2/ε, so: 
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Discretization scheme selection 

For choosing the low Reynolds number k-ε, RNG k-ε, and k-ω model were 
considered that are embedded in the software package used, PHOENICS 2011. With proper 
adjustment, all the models gave good results. However, since the RNG k-ε model does not 
require such a fine mesh as low Reynolds number k-ε, and therefore is faster, it is adopted for 
use. A summary of the model is given in tab. 1.  

The chamber, whose 3-D model is shown in fig. 3 is sized 125 mm × 250 mm × 
500 mm, according to the size of the experimental chamber. Since the chamber is insulated 
laterally, in the numerical set it is assumed that the side walls are adiabatically insulated, 
while the upper and the lower sides are assumed to be at a constant temperature in accordance 
to the measured values, while the heat transfer is modelled with logarithmic wall functions. 
For the mesh selection, computer resources and the dimensionless parameter y+ were 
considered. Generally, the grid is refined towards the walls so that it complies with the 
requirements of wall function y+ < 30. The Cartesian grid is selected with 100 × 50 × 25 cells 
in the x-, y-, and z-directions, respectively. Time step is determined in accordance with the 
referential velocity and length, so that for the upward flow (the case of RBC), there is 
minimum of 5 time-steps. 
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Table 1. Summary of the renormalized group - RNG k-ε model 

Transport equation Φ ΓΦ SΦ 

Continuity 1 0 0 

Momentum ui n  
( )i j

j i

u up
x x

ρ∂∂
− −
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Energy h λ 0 

Kinetic energy of turbulence k nt/σk ( )Gρ ε−  

Disipation of kinetic energy of turbulence ε nt/σε 
*

1 2( )C G C
k ε ε
ερ −  

G = nt (∂kui + ∂iuk) ∂kui     nt = Cμk2/ε 

(σk, σε, C1ε, C2ε, Cμ, η0) = (0.7194, 0.7194, 1.42, 1.68, 0.0845, 0.012) 

 

Results of numerical simulations for RBC 

At the very beginning the vortices begin to 
form along the walls of the chamber. By further 
heating the fluid, after ~ 15 seconds, plumes 
begin to form, fig. 4(f) with typical velocities in 
the order of ~ 0.01 m/s. After the contact with the 
upper surface, the mixing of the fluid in the 
vessel and the formation of quasi-repetitive 
convective structures of RBC occur. For the case 
of motor oil, the complete formation of 

convective structures ends in the first 150 seconds. Figure 4 shows the velocity, temperature 
and pressure fields in the case of the chamber with oil after 1800 seconds. One can easily spot 
the formation of quasi-symmetrical convective structures, with a tendency of oscillatory 
repetitions. 

Comparison of the measured and simulated results for RBC 

The temperature probes were arranged in three or four positions in three different 
vertical sections. Such arrangement allows experimenting with various fluids and varying 
temperature regimes. Experiment has shown that relatively small changes of the ambient air 
temperature allowed the cooler plate to be directly exposed to the ambient. The measuring 
system appropriately responded to external disturbances [58]. The temperature probe design 
somewhat increased measurement inertia, which, on the other hand, allowed control IR 
camera measurements and using various fluids. 

Validation of the numerical model is done by comparing the numerical and real 
experiment results, fig. 5. Deviations of results that occur in numerical simulation are the 
result of input errors, model errors, discretization errors, numerical errors, approximations of 
the actual geometry, etc., and are mostly under 0.5 °C, which corresponds to the numerical 
error in the range of 1-8%. 

 

 
Figure 3. Isometry of the 3-D model 
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Figure 4. Velocity field in x-z plane (a), x-y plane (b), axonometric view (d); as well as the pressure field 
(c), temperature field (e), RBC structures (f); for the chamber with oil for plate temperatures  
TS01 = 41.3 °C and TS16 = 30.3 °C (used as boundary conditions) 

 
Figure 5. Experimental (dots) and numerical results (line) comparison in  
the left, middle, and right vertical cross section of the chamber with oil for RBC for  
temperatures TS01 = 41.3 °C and TS16 = 30.3 °C 

Conclusion 

Experimental chamber has shown great flexibility. The probes are arranged so that 
three or four probes measure the temperature in three different vertical cross sections. This 
arrangement enables implementing various hydraulic fluids at different temperature regimes 
and switching hot and cool plate positions. 

Numerical experiment was performed with the basic experimental data input. 
Validation is performed in the defined vertical sections, for the temperature. The values of 
Rayleigh number are in accordance with the velocity field obtained by the numerical 
experiment. 
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Numerically obtained values of the velocity field have shown that the vertical 
velocity component is in the order of magnitude of 1 cm/s in the case of the heated lower 
plate and 1 mm/s for the case of the heated upper plate. 

For observed flow conditions, and atmospheric conditions of moderate continental 
climate characteristic for city of Niš (the changing temperature of the cold plate), one can 
conclude that the formation of characteristic connective structure takes place within the first 
150 seconds. 

Simulation results clearly show impact of the walls on creation of additional 
disturbances to the flow. In the case of the warmer upper plate stratification is expected, but 
due to the existence of temperature imbalances, influences of the wall roughness, tangential 
stresses occur which lead to the mixing of fluid layers, although the buoyancy and 
gravitational forces acting on the mass of the fluid are in the same direction. 

Mixing occurs firstly in the corners on the side of the warmer plate, where the 
friction is the most influential, which is then slowly transferred to the whole fluid mass, with 
noticeable oscillatory repetitive structure shape in the relevant sections of the chamber. 

The results obtained by the numerical simulation confirms the experimental results 
with the error in the range of 1-8%. 

Nomenclature 
a – thermal diffusivity coefficient, [m2s–2] 
C – constant [–] 
cp – specific heat capacity at co. p. [Jkg–1K–1] 
g – gravity acceleration, [ms–2] 
h – enthalpy, [Jkg–1] 
k – turbulent kinetic energy, [m2s–2] 
L – length, [m] 
p – pressure, [Pa] 
Pk – turbulence production 
T, t – temperature, [K, ºC] 
U – main flow velocity, [ms–1] 
u, v, w – flow velocity, [ms–1] 
x, y, z – axis 
y+ – dimensionless distance 
Pr – Prandtl number 
Ra – Rayleigh number 
Greek symbols 

α – heat transfer coefficient, [Wm–2K–1] 

ε – turbulent kinetic energy dissipation, [m2s–3] 
λ – thermal conductivity, [Wm–1K–1] 
μ – dynamic viscosity, [Pa·s] 
n,nT,neff – kinetic, turbulent, effective viscosity, 

[m2s–1] 
Φ – general variable 
ΓΦ – diffusion term 
SΦ – source term 
ρ, ρ0 – density, initial density, [kgm–3] 
σk, σε – turbulence model constants 
Subscripts 

i, j, k, l – co-ordinate 
Acronyms 

RBC – classic Rayleigh-Benard convection 
RNG – renormalized group 
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